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What are Functional Languages?

@ ... can be best answered by trying one
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What are Functional Languages?

@ ... can be best answered by trying one
@ learn OCaml, one of the most popular functional languages

e exercise OCaml with a minimum information and a pointer
to teach yourself
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BREEX — My TV RIVES

[+

R

T

ZRGEH

#let x =1+ 2 ;;
val x : int = 3

B &

# let f x=x+3 ;;
val £ : int -> int = <fun>

PR BIROE %

# let rec fact n = if n = 0 then 1 else n * (fact (n - 1)) ;;
val fact : int -> int = <fun>

FEL s IFSGED —ETIR RN

ocaml f VA ) RIZTO T T L&Y IALKYY
Jupyter B25% (SHIFT + ENTER TAJ) TIEARE
T77AMITOT T L ELSEREARAE
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Cheatsheet — toplevel definition

@ variable definition

#letx =1+ 2 ;;
2 |val x : int = 3

o function definition

# let f x=x+ 3 ;;
2 |val £ : int -> int = <fun>

@ recursive function definition

1 | # let rec fact n = if n = 0 then 1 else n * (fact (n - 1)) ;;
2 | val fact : int -> int = <fun>

Remarks:
@ ;; is not part of the syntax
e it is a delimiter that marks the end of an input
@ it is not necessary in Jupyter (SHIFT + ENTER marks it)

@ it is not necessary either when you write programs in a file
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BEKXR — RizonwTadU

o BBUERPHEMARORIBITAY aE NV YELL(f xy ...)
e if X then & else &
o let 2% = A in KX
let £ x0 yO x1 yO =
let dx = x0 - x1 in (* JAFER *)

let dy = yO - y1 in
dx * dx + dy * dy ;;

FSEEV S
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Cheatsheet — basic expressions

e function applications (f x y ...)

» note: no parens nor commas
o if I then F else FE

@ let wvar = F in F
» do not be confused with toplevel definition

@ X

let £ x0 yO x1 yO =
let dx = x0 - x1 in (* local definition *)
let dy = yO - y1 in
dx * dx + dy * dy ;;

PN
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RE%E &7 (H)

e XN F I )

1 | # let trip = 3,4.5,"hello";;
2 | val trip : int * float * string = (3, 4.5, "hello")

o HEHODEEMAGDLE O & DO % /F 2 5 TR
o TOMIFHEIDIDAMAEDOY (type * type * ...)
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Cheatsheet — Tuple

e tuple literals

1 | # let trip = 3,4.5,"hello";;

2 | val trip : int * float * string = (3, 4.5, "hello")

@ it is a convenient means to combine multiple values into one

e the type of a tuple expression is the combination of
component types (type * type *x ...)
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REFEK 1) AbN
o 22V A I:
: ([]
o V7).

1 [[ 10; 20; 30; 40 1}

o 1 IXEHE () LV AN () ZEY, | DIFHIZ z ANEMI N7z
DA NEES

1 (10 :: [ 20; 30; 40 1]

1 [10 ::20 :: 30 :: 40 :: [1 ;;

e @ C2OMY A MDifE

1([10; 20 ] @ [ 30; 40 1]
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Cheatsheet — List

e empty list:
; ([]

o list literals:

1 [[ 10; 20; 30; 40 1]

e :: takes an element (z) and a list (/) and returns a list that
adds z in front of [

1 [10 :: [ 20; 30; 40 ]

1 (10 ::20 :: 30 :: 40 :: [ ;3

@ @ concatenates two lists

1([10; 20 ] @ [ 30; 40 1]
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RS — match

o VANMIXNTDZYYFDHEAEL

1 | let rec list_length 1 =

2 match 1 with

3 ob->o (x ZEDGE *

4 | a::r->1+ list_length r (*x ZHUPBRWEE *) ;;

o FHIIH o &K

match & with
0->=X %%
| [a]l > & (x —ZERK %)
| a::b::r > (x ZZHRUE %)

FSEEV

By
o X TINIZEMZ B

1 |match # with
2 (x,y,z) —> Foe
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Cheatsheet — match

@ the basic form for lists

1 | let rec list_length 1 =

2 match 1 with

3 n->o (* empty case *)

4 | a::r->1+ list_length r (* non-empty case *) ;;

e it is in fact more flexible; e.g.,

1 |match F with

2 [1 -> EFE (% empty *)

3 | [al] -> E (* singleton *)

4 | a::b::r->F (x two or more elements *)

e works for tuples too

1 |match F with
2 (x,y,2) > FE
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SN S N R SN

oM
N L R DO

EH

if A then X else RN
let [rec] &7 and FF and ... in &
match & with
NE—=> > K
| N&—> > X
| ...
| X))

= BCER ... = R

= £

V7I)b (x B, ZEUNSREL, 0, CFEI,
F Vi N (x BABGE *)

[ X5 ... 1] (x VAR *)

x, X, ... (x BT )

true, false,

O %)
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Cheatsheet — Summary of Expressions

© % Y A W e~

~
~ o

12
18
14

E ::=

Def ::

identifier

literals (x integers, floats, ’c’, "string", true, false, () *)
EFE ... (* function application *)

[ E; E; ... 1] (* list *)

E, E, ... (* tuple *)

if F then F else E

let [rec] Def and Def and ... in E

match F with
Pattern -> E
| Pattern -> E
| ...
(E)

= identifier identifier ... = F
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HEEK 1477 DFHA

o TA 7T VBRI, EVa—N%. B T2 €YV
%1%, http://caml.inria.fr/pub/docs/manual-ocaml-4.
01/index.html Part IV % £,

1 [Random.int 30

o — DT A 7T VX ocaml FEIE, T VIS IHFIZTA T
VD7 7AINEIRETLIHNEDY).

$ ocaml unix.cma
Objective Caml version 3.12.1

# Unix.gettimeofday ();;

1
2
3
4
5 | - : float = 1396802697.034235

o Jupyter BRIETIE, BN OHHMARAENTODYUMNDE D% fifi
5 DL ($4)
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Cheatsheet — Using Libraries

e use “module.function” to reference a function in a module;
see Part IV of http://caml.inria.fr/pub/docs/
manual-ocaml-4.01/index.html to find available modules

1 [Random.int 30 '

e when using ocaml inerpreter, some libraries require module
file name(s) in the command line

$ ocaml unix.cma
Objective Caml version 3.12.1

# Unix.gettimeofday ();;

1
2
3
4
5 | - : float = 1396802697.034235

e when using Jupyter, it seems difficult to use non builtin
functions
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HEFE — F—41(1)

o BRE LM

1 [type rgb_color = Rgb of (int * int * int) ;;

» — Rgb (1,2,3) &S XM rgb_color LWHHAE LD L ST
A
» ZZTEZHEI N/ Rgb % (rgb_color D) [fELEET
(constructor)] X IESN
» B &S BE DN TIEZ N (“Rgd” B TIZT T —)
o BHODWETZF DI (NVT V).
1 | type rgb_color = Rgb of (int * int * int)

2 | Rgba of (int * int * int * int)
3 | Black | White | Blue ;;
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Cheatsheet — data types (1)

@ a type can be built from an existing type

1 (type rgb_color = Rgb of (int * int * int) ;;

» — an expression Rgb (1,2,3) will have a type rgb_color
» Rgb is called a constructor (of rgb_color type)

* a constructor name must begin with a capital letter
* a variable/type name mustn’t

» a constructor looks like a function but it is not (a standalone
“Rgb” is not a valid expression)

@ a type can have multiple constructors (variant):

1 | type rgb_color = Rgb of (int * int * int)
2 | Rgba of (int * int * int * int)
| Black | White | Blue ;;
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HEE — FT—41(2)

o BIFRIINT A—AX & Lnb:

1 [type ’a cell = Cell of ’a ;;

> WSS A — Z B () THES
o MIFHIFKHTE RV

1 [type hoge = ... | ... of hoge ...

o INTZMAGLE, UMTFTT20RNEETES

1 [type ’a bintree = Empty | Node of (’a bintree * ’a bintree);;

o —fRIZI,

1 | type (BDZEHH (BDHZEH4 ... B4 =
2 WEL% (of T )7

g || WEETH (of T )?
401 ..

» T : M (type expression)
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Cheatsheet — data types (2)

e a type can take type parameters:

1 [type ’a cell = Cell of ’a ;;

» a type parameter must begin with a quote (’)
@ a type can be recursive

1 [type hoge = ... | ... of hoge ...

e all combined, a binary tree type can be defined as follows:

1 [type ’a bintree = Empty | Node of (’a bintree * ’a bintree);;

e general syntax

1 | type identifier identifier ... identifier =
2 constructor ( of T )7

3 | | constructor ( of T )7
4|1

» T : type expression
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RS — match

e match I type TEZIN/BIIELHZ D

1 | let rec tree_sz t =

2 match t with

3 Empty -> 0

4 | Node (1,r) -> 1 + tree_sz 1 + tree_sz r ;;
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Cheatsheet — match

e match can be used for user-defined types. e.g.,

1 | let rec tree_sz t =

2 match t with

3 Empty -> 0

4 | Node (1,r) -> 1 + tree_sz 1 + tree_sz r ;;
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M 7

o ML Jfi&
Standard ML of New Jersey (SML)
SML# (BALK). ML % [E@ED S35 )
* MOSFEOMEEN, T—4~X—2, ALY R, et
Caml Light, Objective Caml (OCaml)
F+# (Microsoft. OCaml % ¥ & IZ%E)
e Lisp, Scheme (HEjf%EY)

o Haskell, Miranda ( [#fFe] BEEC. JRIEA])

v

v

v

v
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Functional Languages

e ML family

» Standard ML of New Jersey (SML)
» SML# (Tohoku University). making ML “ordinary
languages”
* interoperability with other languages, databases,
multithreading, etc.

» Caml Light, Objective Caml (OCaml)
» F# (Microsoft; based on OCaml)

@ Lisp, Scheme (dynamically typed)

e Haskell, Miranda (“purely” functional. non-strict evaluation)
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RS EE, R ML ORI - A1 > b

[EEEHL ) 222 OD:
o MIEE7R L CHIEE
A 72 B RR AT
INTG AN 7R
— R D B A
T REEDRBEE, EK, NE—VIvF
= B TEEM] & (REHRZTOELDITEW) ik, Ttk
MEEWIZK L, IEUIZH# - FEHLP V] T07 I A

® 6 o o
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Salient features of functional languages and esp.

ML family

“Functional” things:
e type reconstruction without type declarations
static type checking
parametric polymorphism
first-class functions

concise definition, creation and pattern matching of data
structures

= “declarative” (= similar to math) description of functions;
programs less prone to errors and easier to reason/prove the
correctness of
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Ha W vs. Fie WY

#l: LT OBBIDH a, Z5HHET DK EFT

ao—l
=0, 1+n (n=12--)

H 51 OCaml:

1 | let rec a n = %E‘r\/ﬂa%ﬁ,‘]

2 if n = 0 then 1

3 elsea (n-1) +n 1 |int a(int n) {
2 int t = 1;
3 for (int i = 0; i < mnj; i++) {

%%%/&/CT% 4 t=t+ i+ 1);

5 }

1 | int a(int n) { 6 return t;

2 if (n == 0) return 1; 713

3 else return a(n - 1) + n;

4|}
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Declarative vs. procedural /imperative

Ex: write a function that computes a,, of the following series

w

RSN

ap = 17
(p = Qp—1 + 1N

declarative: OCaml:

let rec an =
if n = 0 then 1
elsea (n - 1) +n

you can do it in C as well,
to be sure:

int a(int n) {
if (n == 0) return 1;
else return a(n - 1) + n;

}

(n

RGN W~

=1,2,---)

procedural:

int a(int n) {
int t = 1;

for (int i = 0; i < n; i++) {

t=t+ (1+1);
}
return t;

}
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Functional Languages

35/138



R'EE 74 U TH#EZE (Type Reconstruction)

o ANZEED, TRV IIPREENLI TR

1 |# let £ x=x+ 2;;
2 |val £ : int -> int = <fun>

0 a->bldaZZIFHY b ZKRIEHKDI
o (RHMEHZ) HEGmIHFE:

Qx+ 2256, (+FintZ2&35DT), xiXint

Q TOHEx + 2 BHKEMNS, £1Fint -> int
o cf. COLH

1 (int f(int x) { return x + 2; }
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Type reconstruction without type declaration

e the programmer does not have to declare types of variables,
including those of input parameters

1 |# let £ x =x + 2;;
2 |val £ : int -> int = <fun>

@ a —> b represents a type of functions taking a and returning b
@ a (rough) sketch of how it is inferred:

@ look at x + 2; as + takes ints, x should be an int
@ then x + 2 should be an int, so £ is int -> int

e cf. in C:

1 [int f(int x) { return x + 2; }
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o MDA L [HIHEEN (type inference)] EFERIEEDHD
o /22U RGN R EARSEHETHLITONTND, RNDMD
HHzBKToI2vH3

1 [float f(float * a, int i) { return al[il; }

» aM float*, i A¥int = a[i] I& float
o SHEIXITHE, ML OMHEw (FLDOHRESE) I, TBID AT
DO PIEFHE U THERI NS & 2 5 R
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Terminology: type reconstruction/inference

e the above type reconstruction is commonly called “type
inference”

e technically, however, it sometimes means a more ordinary
process that derives types of compound expressions from
component types

1 [float f(float * a, int i) { return alil; }

» ais float*, i is int = a[i] is float

e regardless of terminologies, the salient feature of type
inference (reconstruction) in ML is that it infers function’s
input types without type declaration
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7R T T — &

o MTT—, REBDLRBDIMZIHD L U bk~ BENIX
[SEATRTIC) MEINTWD (ZTZIXCFFELFEDL)

1 |# let £ x = print_int x ; x + true ;;

2 | Characters 28-32:

3 let £ x = print_int x ; x + true ;;

y PSS

5 | Error: This expression has type bool but an expression was expected of
type

6 int

o £ MIFINTHMS, x + true ZFEIT T HWMIZIT T —IZ48D
DTIXZN (cf. Python)
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Static type checking

e various errors, such as type errors and use of undefined
variables, are checked prior to execution (like C languages)

# let £ x = x + true ;;
Characters 14-18:
let £ x = x + true ;;

R I N I

Error: This expression has type bool but an expression was expected of

type
6 int

e note that the error is raised for the definition of £; not for
the execution of x + true (cf. Python)
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YD &> BIEAH B 5 (1)

WL DD THARR

o int (BX), float (FFENNEREN), bool (Efly), SXFF (string),
XF (char), unit

1| # 3;;

2 |- : int = 3

3 |# 3.8 ;;

4 |- : float = 3.8
5 | # true;;

6 | - : bool = true
7 | # "hello";;

8 | - : string = "hello"
9 |# °h’;;

10 | = : char = ’h’
11 |# QO

12 | - : unit = ()
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types (1)

a few primitive types

e int (integers), float (floating point numbers), bool
(boolean), string, char (characters), unit

1| # 3;;

2 |- : int = 3

3 |# 3.8 ;;

4 |- : float = 3.8
5 | # true;;

6 | - : bool = true
7 | # "hello";;

8 | - : string = "hello"
9 |# °h’;;

10 | = : char = ’h’
11 [# O 53

12 | - : unit = ()
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YD &S BIENH B 5 (2)
BE AR

1° #let £ x=x+1;; (x BAHOER %
2 |val £ : int -> int = <fun>

g |# fun x => x + 1 ;; (x EABEE %)

4 |- ¢ int -> int = <fun>

o I+, -, x, JIZEBHOAZITHLD.
o FHNESEIL. DB (+., -., x., /.)

1 |# fun x -> x +. 2.3;;

2 | - : float -> float = <fun>

3 | # fun x -> x + 2.3;;

4 | Characters 13-16:

5 fun x -> x + 2.3;;

6 PR

7 | Error: This expression has type float but an expression was expected of
type

8 int
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types (2)

function types

1 |# let f x = x + 1;; (* function definition *)
2 |val £ : int -> int = <fun>

3 |# fun x -> x + 1 ;; (% anonymous function *)
4 | = : int -> int = <fun>

e remark: +, -, x*, / takes only integers
e operators on floating point numbers have . (+., -., *.,

/.)

7 |# fun x -> x +. 2.3;;

2 |- : float -> float = <fun>

3 |# fun x -> x + 2.3;;

4 | Characters 13-16:

5 fun x -> x + 2.3;;

6 ane

7 | Error: This expression has type float but an expression was expected of
type

8 int
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YO k> BEDD B (3)

o x (X ) HEDIEDH)

1 | # 3,4.5,"hello" ;;
2 |- : int * float * string = (3, 4.5, "hello")

e list (VA )

# [ 1; 25 3153

- : int list = [1; 2; 3]

# [ ||thisl| ; "iSU ; ||a" ; "pen" ] ; ;

- : string list = ["this"; "is"; "a"; "pen"]

VA NOERIE ; TRYIS, BIFIERD S A REN

1 |#[01,2,31;;
2 |- : (dnt * int * int) list = [(1, 2, 3)]

F SRV
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types (3)

e * (tuple; combination of multiple values)

1
2

# 3,4.5,"hello" ;;
- : int * float * string = (3, 4.5, "hello")

o list (list)

# [ 1; 25 3155

- : int list = [1; 2; 3]
# [ llthisﬂ; "isll; lla"; "penll ] ; ;
- : string list = ["this"; "i

B W W~

IS"; llall; IIPenH]

Remark: delimit elements by ’;” the following is a common
mistake (still type correct).

1 (#[01,2,31;;
2 |- : (int * int * int) list = [(1, 2, 3)]
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ML S — (BT T ROR) O

o B L S DEIDA—EL

let f x =x + 1
in f "hello";;

1
2

o then & else THIDE S if X

1 (if 1 < 2 then 10 else "hello"

o EOSBIDMEMNEI > A b

1 [[ 10 ; "hello" ]
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Expressions that are not typed (type errors)

e a function application whose function and argument has
incompatible types

let f x =x+ 1
in f "hello";;

1
2

e an if experssion whose then and else has incompatible
types

1 [if 1 < 2 then 10 else "hello"

@ a list expression that mixes incompatible types

1 [[ 10 ; "hello" ]
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% FHEEEX

o A%k AEIZHN U T T 2 BEE (ZMHIY 72 BEEK;
polymorphic function)] %K T DHMH D
o UMEMBODERMNS, BAEMNLHI 2 OI L 2HiwmT D

1 |# let £ x = x5,

2 |val £ : ’a -> ’a = <fun>
3 | # let rec len 1lst = match 1lst with [J] -> O | h::r -> 1 + len r ;;
4 |val len : ’a list -> int = <fun>

e ’ald MUNFT A—4| LIER
o EEMIZIE TTRTOE] WD &
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Polymorphic functions

e there is a type that represents functions that “apppy to
various (any) types” (polymorphic functions)

e such types are also automatically reconstructed from function

definitions
1 |# let £ x = x5,
2 |val £ : ’a -> ’a = <fun>
3 | # let rec len 1lst = match 1lst with [] -> O | h::r -=> 1 + len r ;;
4 |val len : ’a list -> int = <fun>

e ’ais called a “type parameter”

e intuitively, it represents a type of “any value”
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& <fED VA NBERDZ MBI

emap f | IDKRERIZfZHHLLZY AL

1 | # List.map ;;

2

- : (’a -> ’b) -> ’a list -> ’b list = <fun>

filter p [: [ Tp ZiM/~ZdHEHEZLZITDY A b

# List.filter ;;
- : (’a -> bool) -> ’a list -> ’a list = <fun>
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Frequently used polymorphic functions on lists

e map f [: apply f to each element of [ returns the list of them

# List.map ;;
2 |-: (Ca->’b) -> ’a list -> ’b list = <fun>

o filter p [ : returns the list of elements in [ satisfying p

# List.filter ;;
2 |- : (Ca -> bool) -> ’a list -> ’a list = <fun>

@ see List module for more functions
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o — i D B X

o MAMIIZEETTIL, TBI% & TZDMDfE] 2 XA, [Fkk
et 39)
» BB MOBEBIZIEE S
» BIBE BIBODIR Y HIZTE S
» BIfE F— 2z AN NG
e Lo EINAEITTIECOREBA A VA TERL. KENZR
EWE,
> YICHIBENERTES (ERTE2)
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First class functions

e functional languages generally treat functions and other
values similarly without distinctions; namely, a function:

» can be passed to another function,
» can be returned from a function,
» can be put in a data structure, etc.

e it is actually the case in C. the essential difference is
» you can define (create) a function anywhere
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EZTEBBDMENRS

LW W~

~
D W N A W~ o

~
W o~

# let make adder x = (* x BRI BIEZIKRT %)
let gy =y +x
in g ;;
val make_adder : int -> int -> int = <fun>
# let a3 = make_adder 3 ;; (* 3% &9 BRI *)
val a3 : int -> int = <fun>
# let a4 = make. adder 4 ;; (x 4% &9 EAE *)
val a4 : int -> int = <fun>

# a3 10 ;;
- : int = 13
# a4 10 ;;
- : int = 14
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Functions can be defined anywhere

e = you can define a function not only in the toplevel but also
within a function

1 |let £ x =

2 let g y = ... (* define a function in another function *)
3 in ... ;;

@ €X

1 | # let make_adder x = (* create a function that adds x *)
2 let gy =y +x

3 in g ;;

4 | val make_adder : int -> int -> int = <fun>

5 | # let a3 = make_adder 3 ;; (* a function that adds 3 *)

6 | val a3 : int -> int = <fun>

7 | # let a4 = make_adder 4 ;; (* a function that adds 4 *)

8 | val a4 : int -> int = <fun>

9 |# a3 10 ;;
10 |- : int = 13
11 | # a4 10 ;;
12 | - : int = 14
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EZTEBBDMENRS

o AT CHHEBMIFETEUTDELSIRILNTEDLND
Z&
int (%) (int) make_adder(int x) {

int g(int y) { return y + x; } /* BEOTCHEEESR */

return g;

}

NG

o KITHMBERMN [F D] EIFBRLHEE TS THIEN
WD &

o HIZKRFZDIZ, HOBM (g) 2, IMUDER (HHZE x)
ZHRTE, LY, THOWMELNZRDME] 20V DX TH
RATWD WS 2k

o F% =i + BAEUE HRIN DO HHZZ DM (closure)
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Functions can be defined anywhere

e in a hypothetical C-like syntax, it is like you can write the

NS

following

int (%) (int) make_adder(int x) {
int g(int y) { return y + x; } /* a function definition in a function */
return g;

}

e just allowing you to “write” this function is merely a matter

of extending the syntax

what really matters is that the inner function (g) can
reference a variable outside of it (free variable; x) and it
remembers its value when it is defined

a function = program text + values of free variables at the
time of its definition (closure)
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A BB D51 UL THIZ) 0D

1 [let f = (fun x -> (fun y -> E))
DWFIBERN ([HY) —(LXNABE ). EOHTx %
WMTILZLOHEREMITER

o T £ xS —DRIFAIMEL AT B (M5 H)

1 |[#let fxy=x+y;;

2 |val £ : int -> int -> int = <fun>
3 |#f 3 ;;

4 | = ¢+ int -> int = <fun>
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Note: a function’s arity is always one

e what looks like a function taking two-parameters (x and y):

1 [let fxy=FE

actually takes a parameter (x) and returns a function that
takes a parametr (y), as if:

1 [let f = (fun x -> (fun y -> E))

e note that this is legitimate only when E can reference x (free
variable)

e as a matter of fact £ x is a valid application (partial
application)

#let f xy=x+y;;

val £ : int -> int -> int = <fun>
#f3;;

- : int -> int = <fun>

NG SR

e the concept is called currying
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AT FIXBE

o HARABEL (ath, a<b 2 ¥) b, FILBIHCEST
o WHIE (+, <B¥)EAv AT B L, HETO MBI
Y T2

1| # (H);;

2 |- : int -> int -> int = <fun>

s | # (=);;

4 |-+ ’a ->’a -> bool = <fun>

51 # (s

6 |- : ’a->’a -> bool = <fun>

7 |# (<) 35 ;; (x3<5 EEUEK *)
8 | - : bool = true

o TNHHLHLHLAAMIMEHTE . HIAIE, (<) 313,
3<yzHlEd s BIRY

1 | # List.filter ((<) 3) [ 1; 2; 3; 4; 5 1;;
2 | - : int list = [4; 5]
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Operators are in fact functions

e builtin operations (a+b, a<b etc.) are in fact function
applications

e put an operator symbol (+, <, etc.) inside parens and you get
the function corresponding to the operator

# (H);;

- : int -> int -> int = <fun>
# (=);;

- : ’a => ’a -> bool = <fun>

# (55

- : ’a -> ’a -> bool = <fun>

# (<) 35 ;; (*x means 3 < 5 %)
- : bool = true

S X N L v~

e they are functions so are partially applicable. e.g., (<) 3is a
function that judges if 3 < y

1 | # List.filter ((<) 3) [ 1; 2; 3; 4; 5 1;;
2 |- : int list = [4; 5]
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o T —AMEDMRLES, EK, /NZ—2~¥vF / concise
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o C D struct fH4

1 | # type student = Student of (int * string * float);;

2 | type student = Student of (int * string * float)

3 | # Student (31489678, "Masakazu Mimura", 169.8);;

4 | - : student = Student (31489678, "Masakazu Mimura", 169.8)

o C D union tAY (Bllx—>. TDIEY /HER)

1
2

# type staff = Student of (int * string * float)
| Teacher of (string * float) ;;

o C D enum Y (EELOREIGE)

1 [# type color = Blue | Red | Orange | Black | ... ;
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A concise definition of data structure (variant)

A single type construct serves what are distinct constructs in C

e like struct in C

1 | # type student = Student of (int * string * float);;

2 | type student = Student of (int * string * float)

3 | # Student (31489678, "Masakazu Mimura", 169.8);;

4 | = : student = Student (31489678, "Masakazu Mimura", 169.8)

e like union in C (multiple constituent types for a single type)

# type staff = Student of (int * string * float)
2 | Teacher of (string * float) ;;

o like enum in C (special case of the above)

1 [# type color = Blue | Red | Orange | Black | ... ;;
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RRBNE—VIYF

FSEEV

Union @ & 5 ZHELY & X DL X157
147

AN
VRO HELE T2y T 2 E)

WK (A

VAl p R e

# let height x = match x with
Student (id, name, h) -> h
| Teacher(name, h) -> h;;
val height : staff -> float = <fun>

SRS RS R N T SO

NE—=VDEZIENEEELTIND

# let height x = match x with Student(id, name, h) -> h ;;
Characters 15-53:

let height x = match x with Student(id, name, h) -> h ;;
Warning 8: this pattern-matching is not exhaustive.
Here is an example of a value that is not matched:
Teacher _
val height : staff -> float = <fun>
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Safe pattern matches

e a syntax that safely separates cases and extracts component
fields (you’ll never access wrong fields)

# let height x = match x with
Student (id, name, h) -> h
| Teacher(name, h) -> h;;
val height : staff -> float = <fun>

FSEEEV

a warning against missing cases

# let height x = match x with Student(id, name, h) -> h ;;
Characters 15-53:

let height x = match x with Student(id, name, h) -> h ;;
Warning 8: this pattern-matching is not exhaustive.
Here is an example of a value that is not matched:
Teacher

val height : staff -> float = <fun>

(SN S N R S
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match D WEED

(]
1 [let f x = match x with Foo(y) -> ...

T, match DEFRENO DO UNRW (10320 5E, Eidk
1 [let f (Foo(y)) = ...

LEHITD
o ATNDNRA—VvwFIMES LV bIFER
1 [let f (x,y) =x+y ;;

FIFLA T DOIEL

1 (let f t = match t with (x,y) > x + 7y ;;
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Abbreviations of match expressions

o if there is only a single case for a match expression, like:

1 [let f x = match x with Foo(y) -> ...

you can write the above as follows

1 [let f (Foo(y)) = ...

e particularly convenient/natural for pattern-matching tuples.

1 (let f (x,y) =x+7y;;

is an abbreviation of:

1 [let f t = match t with (x,y) > x + 7y ;;
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MERLZHNIZTES

o ENTHRINZEST A—& (7a) £ H<

1
P

# type ’a tree = Empty
| Node of (’a * ’a tree * ’a tree) ;;
type ’a tree = Empty | Node of (’a * ’a tree * ’a tree)

o MIAAADY A NE, MO &> &2 L BRT IE R (L)
TIEBIZ I AT S —)

# type ’a list = [1 | :: of (a * ’a list) ;;
#3 :: 4 ::5 :: [1;;

o Iz & <fH S option IXLAFRD LS BED

1 (# type ’a option = None | Some of ’a ;;

3

1
2

1 | # None ;;

2 |- : ’a option = None

3 | # Some 5 ;;

4 | = : int option = Some 5
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Types can be made polymorphic

e specify type parameters (’a)

1 | # type ’a tree = Empty
2 | Node of (’a * ’a tree * ’a tree) ;;
3 | type ’a tree = Empty | Node of (’a * ’a tree * ’a tree)

e the builtin list type can be understood as if it were defined
follows (note: it is not syntactically valid)

1
2

# type ’a list = [1 | :: of (a * ’a list) ;;
#3 ::4 ::5 :: [ ;;

e a frequently used type option is defined as:

1 [# type ’a option = None | Some of ’a ;;

1 | # None ;;

2 |- : ’a option = None

3 | # Some 5 ;;

4 |- : int option = Some 5
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T4 I — ]k

PDEZEEDT, 7497V =R INEIFTEIFLI LIFEL
WEBSDENEDTU & D07

1
2
3
4
6
7

let rec gs 1 =
match 1 with
0->10
| h::xr ->
let smaller = List.filter ((>) h) r in
let larger = List.filter ((<=) h) r in
(gs smaller) @ h :: (gs larger) ;;

o IELWZ &AVEEA - FGEAH L X9\ (IHNTE)
o ZHOFE NP TS -2 \WTL<NDDT, MirErE

NISHELHERTH > I Y LHI<

o CAKYVANITHINET S

o EUVEBFIFEMEDY (AZY I A —N—T78—.

®H)

F7-
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Quicksort

Isn’t it nice to be able to write a quicksort as concisely as this?

© o~

RSN N

let rec gs 1 =
match 1 with
o->10
| h:i:r ->
let smaller = List.filter ((>) h) r in
let larger = List.filter ((<=) h) r in
(gs smaller) @ (h :: (gs larger)) ;;

easy to reason about its correctness (induction)

typos and type errors are checked at compile time, so once
type-checked, it tends to work in the first run

it can work on any list type

disclosure: this version has an issue with large lists (stack
overflow; I'll get to it later)
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BAU 5 FE D HLAR

o OCaml (RIS S 25) O A (BUAR) 12, FEIRIRH U % flio T

ik, HRIZ(REBTOLDOAZNII) EFB

o fil: VARNDEX

FSEV S

R N

let rec len 1lst =
match 1lst with
b ->o (x BYZARDEIIE 0 %)
| hi:r > 1 + (lenr) (x [h;...] ORIE ... OEI+1 %)

Bil: [a,b) IZ& EN DL DR

let rec sum a b =
if a >= b then
0 (x ZEXEOFIE 0 *)
else
a + (sum (a+1) b) (x [a,b) DX a + [a+1,b)DF] *)
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Functional languages: the ideal and the reality

e The advantage (“ideal”) of OCaml (functional languages) is
to be able to write things concisely (= as if you are merely
writing definitions), which mainly stems from recursions

© =

>N

W~

[ NV

ex: length of a list

let rec len 1lst =
match 1lst with

b ->o (* length of an empty list is O *)
| hi:r -=> 1 + (len r) (* length of [h;...] is (length of ...) + 1 %)
ex: sum of integers in [a, b)
let rec sum a b =
if a >= b then
0 (* sum of empty interval: 0 *)
else
a + (sum (a+1) b) (* sum of [a,b) is a + (sum of [a+1,b)) *)
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EEASEETH TV EDLRVED

BB ZEEED THAE] 20T, HEIVEDLAELSTOWVIETD
1))

o NV—7

o AR D

o T — X IEiED A
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Not often used in functional languages

Things you should not have to use often in the “ideal” functional
programming

@ loops

o (destructive) updates of variables

o (destructive) updates of data structures
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V—7

e for, while XD 3

1 |for i = a to b do
2 Printf.printf "hello %d\n" i done ;;

o UNUHIFEZMEZIEXHEY T—7) ULzwEED BEITR
Mo/

» sum, range, gs, bs_tree,

o BB —RIZIX, for LREILZ EMNLATFDELDIZLTTES

1 |for i = a to b do ! 161," r?c loop 1 =
2 E 2 if i <= b then
S H i +
3 | dome 45' E ; loop (i + 1)

in loop a
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loops

e OCaml does have for and while expressions, to be sure

for i = a to b do
2 Printf.printf "hello %d\n" i done ;;

e but remember, you already used recursions where you might
have used loops in other languages. did you look for loops for
them?

» sum, range, ds, bs_tree,

@ in general, for loops in OCaml can be done with recursions

as follows:
1 |for i = a to b do ! 1e1:: I?C loop 1 =
2 E _ 2 if i <= b then
- 3 E ; loop (i + 1)
8 | done .
4 | in loop a
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ZEF D B R

olet x = ... CEBZULAZHID NS THHF] TITHRW
(immutable).

o HIZIFXLANIENG

1 [let s = 0 in

2 |for i = a to b do
3 s 12 s +1i Z2RA
4 | done ;;

o for XOFAMNTIEE L VEHTE HD
o HHTE % (mutable %) Z2HEH Y £9 (£H)
o A%, I— Tk, THRZMZIXNEZRN] 2B

85 /138



Updating variables

e variables defined by let x = ... cannot be updated later
(they are immutable).

@ in particular, you cannot do the following to define sum

let sum* a b =
let s = 0 in
for i = a to b do
update s with s + 1
done ; s

QN W v =

@ one reason why for expression is not that useful
e there are updatable (mutable) variables, to be sure (later)

e you don’t want to use it often once you master recursions
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Immutable R E DX H D

o [a,b) DFIZERDD NV—T|

RN SR

D G W W~

let s = 0 in

for i = a to b do
s 12 s +1i ZRA

done ;;

L EHEIBIZELEZEOD

let rec loop i s =
if i <= b then
s
else
loop (i + 1) (s + i)
in loop a 0 ;;
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Working with immutable variables

e a “loop” that sums up integers in |[a, b)

1 |let s =0 in

2 |for i = a to b do

3 update s with s + i

4 | done ;;

o ... transformed into a recursion:
1 | let rec loop i s =

2 if i <= b then

3 s

4 else

5 loop (i + 1) (s + i)
6 | in loop a 0 ;;
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Immutable R E DX H D

o BHEEHUALNOHMITT DN —TIIL DG, V—TH
TEHINSEB 25182 & D%, HREBUIIIERNIZ

HIMZO5ND
x = x0; y = y0;
wh;ﬂl’e @A 1 | let rec loop x y =
% ’= A ~ 2 if not C then R else
- B" ~ 3 (E ; loop A B)
} y ’ 4 | in loop x0 yO ;;
return R

o INZEFIIHUIZANTELDIEZRWD, THLTELHRAMD
(] TEZAE, TAZ T8IE] BREZLTHEULWD

A A
» a5 b0ETOMNI = at T(a+1) 2250 ETOH
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Working with immutable variables

e a loop that updates variables can often be transformed into a
recursive function that takes these variables as parameters

x = x0; y = y0
Wh:;_e @A 1 | let rec loop x y =
% ~ A o 2 if not C then R else
_ B" ~ 3 (E ; loop A B)
} y ’ 4 | in loop x0 yO ;;
return R

e you may remember this as a formula, but more important is
you do not have to master such a technique, if you think with

recursions in the first place. e.g.,
» sum of [a,b) = a + sum of [a + 1,b)

90 /138



T — B REE D

o INEFTHMNULAET—AME (VAN NUTYMD
immutable = fEEM T (destructive update); € D350 5
(in-place update) £~ "] g

o BIZIXV A MIEFHZZ TEM] §2ZLHTEIRY

e U FRDESREU T, range a b % FEH < DIFHH

let 1 = [] in
for i = a to b do
add i to 1
done ; 1

NS

o cf. C++® vector

vector<int> 1;

for (i = a; i < b; i++) {
1.push_back(i);

}

AW e
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Updating data structures

e data structures we have seen so far (list, tuple, variants) are
immutable too = “destructive” or “in-place” updates are not
allowed

e you cannot “add” an element to a list; you instead create
another list that has an additional element (with : :)

@ you cannot write range a b along:

1 | let range® a b =

2 let 1 = [] in

3 for i = a to b do
4 add i to 1

5 done ; 1

o cf. with C++ vector:

vector<int> 1;

for (i = a; i < b; i++) {
1.push_back(i);

}

NG T I
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WENERZ Lo TSIV T

o T TILHDT—REEHTDITIIRL, B-vwr—&% IE
5] L\WOEZFNER
s aMBDETOUAL —ax ((a+1) 25 bETOY A M)
» Y ANEMEY, THICERE BEMULTWS] EEXDBE
PR
o T—AREAMLYGD [EH] (fl: AEENT—ZEZHFHA) U7
WiBE, TRAEXTE)EETLIRODIC [EHEEDT —
B a2 \NED ] ODEAR (BIEIFEHT; functional update)
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Working with immutable data structures

o think how to “express” the data you want with recursions,
not how to grow it from empty
» list of [a,b) = a :: (list of [a + 1,))
» you do not think: “create an empty list first; then add [a, )
to it”
e when you slightly “modify” an existing data structure (e.g.,
insert an element to a tree), you create a data structure after
the operation (functional update)

94 /138



BRI T 2 0 RODH]

o F— R HE

1
2

type ’a bs_tree =
Empty | Node of (’a * ’a bs_tree * ’a bs_tree) ;;

o AT DHBEIL HFHARBRDARZME-TEY | B

let rec bs_tree_insert x t =
match t with t
Empty -> Node (x, Empty, Empty)
| Node (y, 1, r) ->
if x < y then
Node (y, bs_tree_insert x 1, r)
else
Node (y, 1, bs_tree_insert x r);;

o LA FD bs_tree_insert x t it EEE® t IIH FTHHDOK

1 [let t’ = bs_tree_insert x t

o —HBH (EELDFE FAMED) IXHEAMAINTSEY, HELETH
FEDEINDI DT TIERNI LIZEE
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Functional updates: a binary search tree

e data definition

1 | type ’a bs_tree =
2 Empty | Node of (’a * ’a bs_tree * ’a bs_tree) ;;

@ a function that “inserts” an element creates another tree

t t

let rec bs_tree_insert x t = '
match t with t
Empty -> Node (x, Empty, Empty)

o0
| Node (y, 1, r) ->
if x < y then
Node (y, bs_tree_insert x 1, r)
else

Node (y, 1, bs_tree_insert x r)

[SIEN S NS VO SN

e the variable t below still refers to the original tree after
bs_tree_insert x t

1 [let t’ = bs_tree_insert x t

e note that a part of data structure (the underlined with blue
of the above) is reused; the whole data structure is not
rebuilt everv time 96 /138




Immutable D & Z A3MN? (1)

o f[E ME A immutable = A UAI—7FTHURNIZ TAU®
D1 (SHEHME; referential transparency)

o NHIKD ETEHAZTIREZTDEDIZLTWVDIXT

0o AIVKEaA—RZEW/ATOHDHE, x = x + 1 BEKAIHL -/~
EWVD NI, BUNEEDILT

ex =x + 1DEKZEHZAT FEFX] CTHMET S L, ROBEH
Dx] & [5Dx] + 1 AFELWVWENWS L

o ZHEHMELINIX TXoXDx] I5Dx] THHD x] & E
EWV D XNEAE
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What are good about immutability? (1)

e everything is immutable = the same variable (the same
expression in the same scope) always refers to the “same
thing (value)” (referential transparency)

e you do math calculations on papers this way

e if you were confused by a statement like: x = x + 1 when
you first learned a procedural language, you will like it

o to understand the meaning of x = x + 1 as an “equation”, it
is: “x at the next moment” equals to “x at the current
moment” + 1

e with referential transparency, there are no such things as “x
as of yesterday”, “x as of today” and “x as of tomorrow”
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Immutable D & Z A3MN? (2)

ZHGENNR, HOEOBELEHHRIZT 5.
o /=& ZIFImE AL TS CTRE(LTES.

1 [f x+fx=2x% (f x)

» of. CTIE, (f x) I TEIER (T —2DEFHP1/0)] »aE
NTOROPEZRIZT D HENDH B

o HEIMZ AL (AN - HHDRREREATEL)

1 | let rec fib n =

2 if n < 2 then

3 1

4 else

5 fib (n - 1) + fib (n - 2)

o MM BEARERDL N, 7075 ETHIELLRD

99 /138



What are good about immutability? (2)

it makes certain optimizatins straightforward
@ c.g., redundant expressions can be “unconditionally”
optimized away

1 [f x+fx=2x% (f x)

» cf. in C, you need to know (£ x) does not have a “side effect
(data structure updates or I/0)”

e automatic memoization (record and reuse “input — output”)
relationships)

1 | let rec fib n =

2 if n < 2 then

3 1

4 else

5 fib (n - 1) + fib (n - 2)

e ~ mathematical transformations become valid for programs

too
100 /138



Immutable D & Z A3MN? (3)

T—ADEFHBRNE, WFMEATREN: (= Wi EATIZ & > TEHRAS
ENEDLLRNZ &) OHEMNHIAIZZR S

o LAND (f x) & (g x) IRMHNZFELT
T 5 TIERW, ete.

1 |let y =f x in
2 |let z = g x in
3 |let w=hy in
4 ytz+w

ARE, (f x) & (b y) &

o CERERYTIDHIENNEELZIE : (£ x) ODFT, (g x)
WZEEBD D LEENMTONRNT L 2HET S DD

101 /138



What are good about immutability? (3)

immutability makes judging parallelizability (= parallel execution
has an equivalent result to the sequential execution)
straightforward

e e.g., (f x) and (g x) below can be executed in parallel; (£
x) and (h y) cannot ((h y) requires the value of (f x)), etc.

let y = f x in
let z = g x in
let w=hy in
ytz+w

NS

e in languages supporting mutable data structures (e.g., C), it
is necessary (and difficult) to judge if execution of (f x)

never affects (g x) (e.g., (f x) never updates data structure
used by (g x))

102 /138



Immutable D & Z A3 WN? (1)

o FARABRZLEDHD. MBIZL>TIFEIULL TRUEED
NTELDOMENEDD Z & (NEHREBOZEAL) ] ARBLU 20
ZEeThdD (HOFIFHEITZEILLTND)

> BIEIRE
> BRATHR S
» B, (RH
» etc.

o IAUXIFFUMIZARD ] 2575121F, HAX4Z{ATDHE
DIFZEeTeL, TR-AZZA] 1AL TIEHALRN

1 | let t0,s1 = gettimeofday sO in
2 | let t1,s2 = gettimeofday sl in
3

103 /138



What are bad about immutability? (1)

@ sometimes it is just unnatural/awkward; some problems
exactly want to have the same variable/expression have
varying values over time (the world is changing)

» current time

v

v

the balance in bank accounts
height, weight, etc. of a human
» etc.

e to maintain referential transparency, different values must be

1
2
3

expressed by different expressions

let tO0,s1
let t1,s2

gettimeofday sO in
gettimeofday sl in
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Immutable D & Z A3 WN? (2)

o MRMHN : [F—XE2DUEIWMZ D ZITOEEMN, it
BREDATVEY LTIZARY D,

insert 68 t

JTEDAR = R e 250 S
o —» AEVDEN YT - izl <175. TOMREIZHR 4K
SIS
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What are bad about immutability? (2)

e it is inefficient; a “slight modification to data” tends to
allocate a fair amount of memory

insert 68 t

the original tree =  in-place update functional update

e — performs intensive memory allocation/deallocation and
relies on their performance
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BB BT « BRkA BT — A

VA~ DSEEHIZE NN D A b D
(let v’ = n::v) (let ¢ = u @ v)
) G O| &
) i)\‘
D EI)‘\‘
@ =
° };}ﬁ

EB?UODQE%?E%E (E5LTHEVI RS, L)

let a’ = update a i x

1
a =update a i x

a
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Functional updates: vaious cases
add an element to the head concatenate two lists
(let v’ = n::v) (let ¢ = u @ v)

,=n

©)

Gy

GO

) °\
G Lo
D)

)

update an element of
an arl"ay (if you insist ...)
let a’ = update a i x

1
a =update a i x

a
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BRI SEHr : bR A R — AD I A b

o HXIIE, IEAHUIA D /EIRA (+ATVEIYHT) O
AN

o d: K(t) DEZ
o n: FFDKEX

T B B2
SASTIPN insert x t | O(d)/O(1) O(d)/O(d)
VA hDJEEAIZENN n::v O(1)/0(1) 0O(1)/0(1)
DA S D uov O(lul)/O(1) (|u|)/ (Jul)
W51 oD % 38 S0 [i] O(1)/0(1) (n)/O(n)

109 /138




Functional updates: cost

e cach cell represents the cost of read / write (+ allocation)
e d : depth of a tree (t)

@ n : size of an array

in-place functional
insert to tree insert x t | O(d)/O(1) O(d)/O(d)
add to the head of list n::v 0(1)/0(1) 0(1)/0(1)
concat two lists ulv O(Jul)/0(1) (|u\)/ (|u|)
update an array element (4] 0(1)/0(1) (n)/O(n)

110 /138



Immutable D & Z A3 WN? (3)

o WiFMEDHIEZ LT VNS & W>T, FZITVEDWMFMEZ fil
HURTOEFES 20
o Hi : ARbEid DI FHH A

1 | let t1 = insert x0 tO in
2 | let t2 = insert x1 tl in
3 | let t3 = insert x2 t2 in

4

» BATIZIZEEERIZRD LR (10—t =12 — - &0
RAFBIR)
> EHEFEHT G, RORLZDHN & FRRHIER LU TR
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What are bad about immutability? (3)

e being able to judge parallelizability easily does not mean
being able to parallelize easily

@ e.g., insert many elements to tree

let t1 = insert x0 tO in
let t2 = insert x1 t1 in
let t3 = insert x2 t2 in

E TN SR

» dependencies: t0 — t1 — t2 — --- precludes parallelizing
these insertions

» insertions to different parts of a tree could actually be done
in parallel
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EWVWHDITT. ..

ninlinlinlinuinkinkink
o Imperative

o ELoFELE 2
uinuinuinuinuinuinuini

o I —¥d THiF:] BB EEE (Haskell, Miranda & &) % FR
&, REOHEHZLELOHIELZHF LTS
» array : ficsl. SEFTATEE.
» ref : =~ —HEDRS. BNOELHETIHIEHONRDY
» record : 7« —J)U RIZ TEEHATHE (mutable)] WS @M%
RE ] HE
o [BMOBINE] LD, Wik HHRE, S2—
YYFRED, EREHET
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After all ...

nunkLinkinkinknuinlinl
o Imperative 2

o @EloFELE
nlinkintinLinkinlinkinG

e functional languages except few “purely functional”
languages (Haskell, Miranda, etc.) allow updating states
» arrays are mutable
» ref : &~ a singleton array. can be used as a mutable variable
» record : you can label a field with mutable attribute
e abandon ‘“referential transparency” but retain practical
benefits from declarative programming, type inferance, static
type checking, pattern matching, etc.
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BN S

50 >Dmb DB
o KEBKMOMERDTHS L. ..

1 |# sum O (1000 * 100);;

2 |- : int = 4999950000

3 | # sum O (1000 * 1000);;

4 | Stack overflow during evaluation (looping recursion?).

o IR AL LSBT ESHTLLD

let rec sum a b =
if a >= b then

0
else

a + (sum (a+l) b)

sum 01000000
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BN S

50 >Dmb DB
o KEBKMOMERDTHS L. ..

# sum O (1000 * 100);;

- : int = 4999950000

# sum 0 (1000 * 1000);;

Stack overflow during evaluation (looping recursion?).

N S

o IR AL LSBT ESHTLLD

sum 1000000 1000000

sum 999999 1000000

let rec sum a b =
if a >= b then

0
else

a + (sum (a+l) b)

sum 21000000
sum 11000000
sum 01000000
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One more “inconvenient” truth

BN S

@ let’s find the sum of a very large interval ...

# sum 0 (1000 * 100);;

- : int = 4999950000

# sum 0 (1000 * 1000);;

Stack overflow during evaluation (looping recursion?).

N W W~

@ you can imagine why it happens ...

let rec sum a b =
if a >= b then
0
else
a + (sum (a+l) b)

sum 01000000
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One more “inconvenient” truth

@ let’s find the sum of a very large interval ...

1 | # sum O (1000 * 100);;
2 |- : int = 4999950000

3 | # sum O (1000 * 1000);;

4 | Stack overflow during evaluation (looping recursion?).

@ you can imagine why it happens ...

sum 1000000 1000000

sum 999999 1000000

1 | let rec sum a b =

2 | if a >= b then

3 0

4 | else

5 a + (sum (a+1) b)

sum 21000000
sum 11000000
sum 01000000
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A S 2 2= )N 7 Dl —

o BIEIFUHILEZL LD LT DL, D
BT D (DML & RFFT D)
72D DRI ENZ TR B
o TOMHMITME A&y 7| LIFEH
BEEY A ADOEBEM» HH) ¥ THH
s o 599953 1000000
o - HOVHIFIXAZY 7 A —/N\—T7 10—
o LML, MTENATEHRTESH
B SREIC L > TUEXERI
o C’C‘sum(a, b) %ﬁl}%‘t%<k&i(% sum 21000000

11000000

i L) ) ll A 73: L A zﬁ: 01000000

int sum(int a, int b) {
int s = 0;
for (i = a; i < b; i++) s += i;
return s; }

AW W~
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Stack overflow

e a functionl call requires a space (for
holding values of variables or
expressions)

sum 1000000 1000000
sum 999999 1000000

e the space is obtained from a region
called “stack”, which is normally
cannot grow very large (even if
memory is otherwise abundant)

sum 21000000
e — deep recursions overflow the stack 20— 22

e critical for functional languages,

which encourage recursions - - :
int sum(int a, int b) {

1
@ less critical for C, in which 2| int s =0;
. 3 for (i = a; i < b; i++)
programmers are taught to write y s 4= i;
5

something like sum(a, b) with loops return s; }

anyways
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AR F—N—70O0— 2T R ML S5E -
ELED AR VA

o AR YA —/)N—=T7 00— AR, I'Ruafkt] &> k5 RM#E
TIERW
o < DEFEDEET, BABFEUHLDZOD AT ZEHIZ
& E RO (AZY V) INBES 2D ET D, 152 LD
i
» IFEAEDEFE: BOHRERDIENIOITERW., V=T EFZ
» —ESOBIR S FEEEE (B SML/NJ): BBIEH LD AE) %
=758, ATYPEBNEVED WL S5 TEEWIEOH
UNTED.[AZY 7| A—N—T710—& k%
» OCaml: BEEBLZD, AXY I A—N—T70—F5. L\WoT
=TI, XTEHTEH?
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Positions of various languages/implementations
against stack overflows

e the problem is not inevitable

e it is a ramification of an implementation (memory
management) strategy, which obtains memory for function
calls from a contiguous space (of a fixed size) dedicated for
stack

» most languages: say “avoid deep recursions; use loops
instead”

» a few functional languages (e.g., SML/NJ): abandon stacks
altogether; get memory for function calls from heap. there is
no such thing as stack overflow. “overflow” occurs only when
you run out of the heap (~ whole memory)

» OCaml: it is a functional language, yet prone to stack
overflow (somewhat irresponsible implementation).

» what should OCaml programmers do?
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RKEFCH U WD TRRIZZ ] EOH L

e OCaml TOHOTB VI A LEOTRE LT, [RENFOHL] &
D KRR BARIE O U d B

o iAULIZ sum BARLD a + 272 < L TAD

1 | let rec sum a b = 1 | let rec sum’ a b =
2 | if a >= b then 2 | if a >= b then

2 0 — 3 0

4 | else

4 | else

a + (sum (a+1) b) sum’ (a+1) b

e THELEDTULLD

1 | # sum’ O 1000000;;
2 |- :int =0

e HEHLAAZNIFIEL < B2,

EENS AR DA —N—=7
O—iE LA
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Tail calls

e some function calls are called “tail calls” and do not require

extra space

e for example, let’s see what happens if we
sum function

remove a +

in the

sum’ a b =
b then

(a+1) b

1 | let rec sum a b = 1 | let rec

2 | if a >= b then 2 |if a >=

3 0 — 3 0

4 | else 4 | else

5 a + (sum (a+1) b) 5 sum’
@ then ...

1 | # sum’ O 1000000; ;
2 |- :int =0

@ it’s not a correct program, of course, but at least does not

cause a stack overflow
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REMOUH U (tail call)

o fMMNgZEIPUH T g DIERMN IZDFF| fDOFERIZED &
DBAEBEIZHDEBFOCHEL 2, TRERUHL] 20D
o UTOFIXKEMNOHL, /RIFED

1 |let £ x =

2 if ... then

3 g (x - 1)

4 else if ... then

5 1+g (x-2)

6 else

7 let y =g (x - 3) in
8 g (y - 4)

o FfiZ, REMUHLTHD &S BimITFH L2, [REHRIT

O U (tail recursive call, tail recursion)] &5

1 | let rec sum a b = 1 | let rec sum’ a b =
2 |if a >= b then 2 | if a >= b then
3 0 3 0
4 | else 4 | else
5 a + (sum (a+1) b) 5 sum’ (a+l1) b
sad / 138




Tail calls

e when f calls g at such a position that the result of g becomes

© o~

RS TR SNVCY

the result of f, it is called a “tail call”
e below, function calls colored blue are tail calls; red are not

1 |let £ x =

2 if ... then

3 g (x - 1)

4 else if ... then

5 1+g (x-2)

6 else

7 let y =g (x - 3) in
8 g (y - 4)

e in particular, a tail call that is also a recursive call is called
“a tail recursive call” or simply “a tail recursion”

let rec sum a b =
if a >= b then

0
else

a + (sum (a+1) b)

R I N

let rec

if a >=
0

else
sum’

sum’ a b =
b then

(a+1) b

T

/138



sum WA —NN\—710—95% [FFEW] HE

N I VR SN

BEEORE U R, SEBRICAEVIZEMRL T
BABERHDZDIE [ZDOIEOH L DK
VEZZITE S -2H ez T5h] L
PEi=vN
sum DHBE, lat+ BYE] WS TEHE]
MEHLUDRDE] 22D RS~
F(DFVREFUHUL) EZoL, AE
DS R0

sum

sum 1000000 1000000

sum 999999 1000000 999999 + <iEYfE

let rec sum’ a b =
if a >= b then

0
else

sum’ (a+1) b

sum

21000000

2 + <iRY1E

v

sum

11000000

1+ <iBY1§

v

sum

01000000

0 + <3BYfl>
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sumMMNA—NN—710—935 [EFEW] HH

o PHEUITHI U, FEERIZAEVITEHEL T
B BERDHDDIE [ZTOREUH L DK
DEZZITN - 7zd e fMzd 0] £»
5 fm o

o sum DA, la+ RIVME] WD [EHHE]

o MPUHILDRIIE] Z2TDFEKTE

F(DFVREFUHUL) EZoL, AE

DN S 20

let rec sum’ a b =

if a >= b then
0

else
sum’ (a+1) b

sum 01000000 <EYE>

N I VR SN
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B BERDHDDIE [ZTOREUH L DK
DEZZITN - 7zd e fMzd 0] £»
5 fm o

o sum DA, la+ RIVME] WD [EHHE]

o MPUHILDRIIE] Z2TDFEKTE

F(DFVREFUHUL) EZoL, AE

DN S 20

let rec sum’ a b =

if a >= b then
0

else
sum’ (a+1) b

sum 11000000 <EYE>

N I VR SN
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o PHEUITHI U, FEERIZAEVITEHEL T
B BERDHDDIE [ZTOREUH L DK
DEZZITN - 7zd e fMzd 0] £»
5 fm o

o sum DA, la+ RIVME] WD [EHHE]

o MPUHILDRIIE] Z2TDFEKTE

F(DFVREFUHUL) EZoL, AE

DN S 20

let rec sum’ a b =

if a >= b then
0

else
sum’ (a+1) b

sum 21000000 <EYE>

N I VR SN
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sumMMNA—NN—710—935 [EFEW] HH

o PHEUITHI U, FEERIZAEVITEHEL T
B BERDHDDIE [ZTOREUH L DK
DEZZITN - 7zd e fMzd 0] £»
5 fm o

o sum DA, la+ RIVME] WD [EHHE]

o MPUHILDRIIE] Z2TDFEKTE

F(DFVREFUHUL) EZoL, AE

DN S 20

let rec sum’ a b =

if a >= b then
0

else
sum’ (a+1) b

sum 999999 1000000 <i&h)1[§>

N I VR SN
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sumMMNA—NN—710—935 [EFEW] HH

o PHEUITHI U, FEERIZAEVITEHEL T
B BERDHDDIE [ZTOREUH L DK
DEZZITN - 7zd e fMzd 0] £»
5 fm o

o sum DA, la+ RIVME] WD [EHHE]

o MPUHILDRIIE] Z2TDFEKTE

F(DFVREFUHUL) EZoL, AE

DN S 20

let rec sum’ a b =

if a >= b then
0

else
sum’ (a+1) b

sum 1000000 1000000 <5&U1[§>

N I VR SN
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A “deeper” reason that deep recursions of sum

overflow

e when you call a function, what truly

QN W e~

needs to be recorded in memory is
information about “what to do with the
return value”

in the case of sum, it is “a+ (the return
value)”
if the return value of the call becomes the

return value of the caller (i.e., it is a tail
call), you don’t need memory

sum

sum 1000000 1000000

sum 999999 1000000 999999 + <iEYfE

sum

21000000

2 + <EY1#

v

let rec sum’ a b =
if a >= b then

0
else

sum’ (a+1) b

sum

11000000

1+ <i&Y1d

v

sum

01000000

0 + <iEYfl>
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information about “what to do with the
return value”

in the case of sum, it is “a+ (the return
value)”

if the return value of the call becomes the
return value of the caller (i.e., it is a tail
call), you don’t need memory

sum

let rec sum’ a b = sum

11000000

<BYfh>

if a >= b then
0

else
sum’ (a+1) b
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let rec sum’ a b =
if a >= b then

0
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sum'

sum 999999 1000000 <EY >
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AR P —/N=T7 10—z 51T

o RWiFIIE TREMT]

e sum a b DIGH:

1
2 (* sum-tail a b s =s + [a,b) DF] *)
3 let rec sum_tail a b s =

4 if a >= b then

s

6 else

7 sum_tail a b (s + a)

8

o JJHEAMARNIL (FIZH2DEN) G KDDTHE Y HRFL
ROAHE. PICHERA AR

o AL DOMEERHI: ROBEIE (LFELD s) 252 1 THLS B % D
£ ELGFLIENL
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To avoid stack overflows . ..

@ deep recursions must be tail recursions

o forsum a b ...

(x sum_tail a b s = s + [a,b) DFI *)
let rec sum_tail a b s =
if a >= b then
s
else
sum_tail a b (s + a)

SN S N R

e there is a formula to get rid of all non-tail calls, but you will
live without it (learn from examples)

e a good heuristic: consider adding extra parameter (s above)
to the function
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hY

REFRAOESMAGHE V)AL EES (1)

@ random_ints

1 | let rec random_ints a n =

2 if n <= 0 then

El 1

4 else

5 (Random.int a) :: (random_ints (n - 1))
—

1

2 (* random_ints_tail an | =n BEEODILI @1 *)

3 let rec random_ints_tail an 1 =

4 if n <= 0 then

5 1

6 else

7 random_ints_tail a (n - 1) ((Random.int a)::1)

8

o 1 AERDWMTSHAHIZ A D (A, SEEZNHKUIZL TV
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Practicing tail recursions — make a list (1)

e random_ints (random integers)

©

[ I V)

SRS RS R NG R O

let rec random_ints a n =
if n <= 0 then
]
else
(Random.int a) :: (random_ints (n - 1))

_>

(* random_ints_tail anl=n BREOILE @1 *)
let rec random_ints_tail an 1l =
if n <= 0 then
1
else

random_ints_tail a (n - 1) ((Random.int a)::1)

o Remark: the latter stores the result in the opposite order
(but we ignore that as they are random numbers anyway)
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hY

REBRADESIMAHE — VA MZIES (2

@ range
1 | let rec range a b =
2 if a >= b then
3 ]
4 else
5 a :: (range (a + 1) b)
N
1
2 (* rangetailabl=[ab) DVAKN @1 *)
3 let rec range_tail a b 1 =
4 if a >= b then
5 1
6 else
7 range_tail a (b - 1) ((b-1)::1)
8

o SEIFMERDIHEZEML T, a ZHPTOTIEAL, b2
5 FIFIZEIY &2 -
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Practicing tail recursions — make a list (2)

@ range

let rec range a b =
if a >= b then
1
else
a :: (range (a + 1) b)

N N

range_tail a (b - 1) ((b-1)::1)

N
1
2 (* rangetailabl=[ab) DVAK~ @1 *)
3 let rec range_tail a b 1 =
4 if a >= b then
5 1
6 else
7
8

@ the order matters this time, so the tail recursive version
decrements b rather than incrementing a
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REBREAOESHAHME — VA INPLY A
bz fED

@ map

1 | let rec map f 1st =

2 match 1lst with

3 0->10n

4 | x::xs => (f x) :: (map f xs)

o INETZTDFEFREMUHUIZTAZDIZH LW, ZTARIE
MTENIENNDNDZH .

1 | let rec map_tail f 1st 1 =

2 match 1lst with

3 0->1

4 | all_but_last @ [last]

5 -> map_tail f all_but_last ((f last)::1)

o AJNE THIMS | UMENZRW., ERRERIE TRAML] &
UMW,
o MMINAZ =2 —HMIHIZFHEL THREIZO > < VIRY
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Practicing tail recursions — a list from a list

AN W W~

N S

map

let rec map f 1st =
match 1lst with
0->1
| x::xs => (f x) :: (map f xs)

it is difficult to make it tail recursive directly. we wish we
could do something like this ...

let rec map_tail f 1st 1 =
match 1lst with
0->1
| all but_last @ [last]
-> map_tail f all_but_last ((f last)::1)

we can only process the input from “the head to the end”,
but the output should be computed from “the end to the
head” ...

frequent pattern: get the list in the opposite order and reverse
it
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REBREAOESHAHME — VA INPLY A
bz fED

o —HMHIZEHRE L THRZRIZO> < ViRY

1

2 (* maprevfxl=[fxp_1;---;fxo] @1 *)
3 let rec map_rev f 1lst 1 =

4 match 1lst with

5 n->1

6 | x::xs -> map_rev f xs ((f x)::1)

7

o rev IKEMHIRAZITITEITD? - EFFET
1

2 (x revtail x 1 = [@p_1; -+ ;20 ] @1 %)

3 let rec rev_tail 1lst 1 =

4 match 1st with

5 o->1

6 | x::xs -> rev_tail xs (x::1)

7
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Practicing tail recursions — a list from a list

e compute the list in the opposite order and reverse it

LGN W@~

(* maprevfxl=[faxp_1;---;faxo] @1 *)
let rec map_rev f 1st 1 =
match 1lst with
-1

| x::xs -> map_rev f xs ((f x)::1)

@ can we write rev with a tail recursion? — yes

QO A Lo o~

(x revtail x 1 = [@p_1; -+ ;20 ] @1 %)
let rec rev_tail 1st 1 =
match 1lst with
n->1
| x::xs -> rev_tail xs (x::1)

136 /138



BEEI L E DD FE L D

o TNNMHARTHZIHLEIL, FHIREIE - functional update T,
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e Standard Template Library

e template
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Summary : functional programming

e write algorithms declaratively where it is natural to do so,
with recursions and functional updates

o closure (functions with free variables)

e write algorithms concisely with generic functions such as map
and filter

e static type checking, type reconstructions and polymorphism
they are incorporated into non functional languages. e.g., C++

e lambdas

e Standard Template Library

e template
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