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Goals

learn:
e the power of divide and conquer paradigm, combined with
task parallelism, with concrete examples,
e how to write task parallel programs (OpenMP task)

e and how to reason about the speedup of task parallel
programs
e work
e critical path length
o Greedy Scheduler theorem
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Divide and conquer algorithms

e “Divide and conquer” is the single most important design
paradigm of algorithms

answer solve(D) {
if (trivial (D)) {
return trivially_solve (D);
} else {
D1,...,Dy = divide(D); // divide the problem into sub problems
a1 = solve(D1); ...; ax = solve(Dy); // solve them
return combine(ai, ..., ag); // combine sub answers

[ N

© ® N
—
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Benefits of “divide and conquer” thinking

Divide and conquer ...
e often helps you come up with an algorithm
@ is easy to program, with recursions

e is often easy to parallelize, once you have a recursive
formulation and a parallel programming language that
support it (task parallelism)

e often has a good locality of reference, both in serial and
parallel execution
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Some examples

quick sort, merge sort

matrix multiply, LU factorization, eigenvalue
FFT, polynomial multiply, big int multiply
maximum segment sum, find median

k-d tree
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k-d tree

e A data structure to hierarchically organize points (to
facilitate “nearest neighbor” or “proxymity” searches)

(usually in 2D or 3D space)
e Each node represents a rectangle region
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How to build a k-d tree

Possible strategies:
e an insertion-based method

e define a method to add a single point into a tree
e start from an empty tree and add all points into it
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Possible strategies:
@ an insertion-based method

e define a method to add a single point into a tree
e start from an empty tree and add all points into it
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divide and conquer method

@ to build a tree for a

rectangle R and points P in
R,
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divide and conquer method

@ to build a tree for a
rectangle R and points P in

R,

@ choose a point p € P
through which to split R,

and
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divide and conquer method

e to build a tree for a
rectangle R and points P in
R,

@ choose a point p € P
through which to split R,
and

@ partition P into
Po+{p}+ 1

e let’s say we split along
r-axis. then

e Py : points whose x
coodinate < p’s

e P; : points whose x
coodinate > p’s (except

p)
P
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divide and conquer method
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/# build a k—d tree for a set of points P in a rectangular region R and return
the root of the tree. the node is at depth, so it should split along
(depth % D)th axis */

build(P, R, depth) {

if (IP] == 0) {
return 0; /* empty */
} else if (|P| <= threshold) {
/* small enough; leaf */
return make_leaf (P, R, depth);
} else {
/* find a point whose coordinate to split is near the median */
s = find median(P, depth % D);
/% split R into two sub—rectangles */
RO,R1 = split_rect(R, depth % D, s.pos[depth % D]);
/* partition P by their coodinate lower/higher than p’s coordinate */
PO,P1 = partition(P - { p }, depth % D, s.pos[depth % DI);
/* build a tree for each rectangle #/
n0 = build(PO, RO, depth + 1);
nl = build(P1, R1, depth + 1);
/* return a node having n0 and nl as its children */
return make_node(p, nO, nl, depth);




Notes on subprocedures

@ s = find median(P, d)
o find a point € P whose dth coordinate is (close to) the
median value among all points in P
e sample a few points and choose the median = O(1)
e Ry, Ry = split rect(R, d, c)
o split a rectangular region R by a (hyper-)plane “dth
coordinate = ¢”
e just make two rectangular regions = O(1)
e Py, P, = partition(P, d, )
e partition a set of points P into two subsets Py (dth

coordinate < ¢) and P; (dth coordinate > c)
o = O(|P|)
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Parallelizing divide and conquer

e Divide and conquer algorithms are easy to parallelize if the
programming language/library supports asynchronous
recursive calls (task parallel systems)

o OpenMP task constructs (#pragma omp parallel, master,
task, taskwait)

o Intel Threading Building Block (TBB)

o Cilk, CilkPlus
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Parallelizing k-d tree construction with tasks

@ it’s as simple as doing two recursions in parallel!
e c.g., with OpenMP tasks

build(P, R, depth) {
if (IP| == 0) {
return 0; /+ empty */
} else if (|P| <= threshold) {
return make_leaf (P, R, depth);
} else {
s = find_median(P, depth % D);
RO,R1 = split_rect(R, depth % D, s.pos[depth % D1);
PO,P1 = partition(P - { p }, depth % D, s.pos[depth % DI1);
#pragma omp task shared(nO)
n0 = build(PO, RO, depth + 1);
12 | #pragma omp task shared(nl)

% XD G A L e

~
~ o ©

13 nl = build(P1, R1, depth + 1);

14 | #pragma omp taskwait

15 return make_node(p, nO, nl, depth);
16 }

17 | '}

e do you want to parallelize it with only parallel loops?

18 /84



@ Introduction

© An example : k-d tree construction
@ k-d tree

@ Parallelizing divide and conquer algorithms

@ Reasoning about speedup
e Work and critical path length
@ Greedy scheduler theorem
e Calculating work and critical path

© More divide and conquer examples
@ Merge sort
@ Cholesky factorization
e Triangular solve
e Matrix multiply

19/84



Reasoning about speedup

@ so you parallelized your program, you now hope to get some
speedup on parallel machines!
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speedup) of the program with P processors

?
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Reasoning about speedup

@ so you parallelized your program, you now hope to get some
speedup on parallel machines!

e PROBLEM: how to reason about the execution time (thus
speedup) of the program with P processors

'!

o ANSWER: get the work and the critical path length of the
computation

? /
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Work and critical path length

e Work: = the total amount of work of the computation
e = the time it takes in a serial execution

e Critical path length: = the maximum length of dependent
chain of computation

e a more precise definition follows, with computational DAGs
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Computational DAGs

The DAG of a computation is a directed
acyclic graph in which:

main() {
AQ;
create_task B();
cO;
wait(); // wait for B
DO);

e a node = an interval of computation
free of task parallel primitives
e i.e. a node starts and ends by a task
parallel primitive
e we assume a single node is executed
non-preemptively

QL LA e e

e an edge = a dependency between two
nodes, of three types:

e parent — created child

e child — waiting parent

o a node — the next node in the same
task




A computational DAG and critical path length

e Consider each node is augmented with
a time for a processor to execute it
(the node’s execution time)

e Define the length of a path to be the
sum of execution time of the nodes on
the path




A computational DAG and work

e Work, too, can be elegantly defined in
light of computational DAGs




What do they intuitively mean?

@ The critical path length represents the
“ideal” execution time with infinitely
many processors D

26 /84
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Why are they important?

e Now you understood what the critical path is
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o QUESTION: Specifically, what does it tell us about
performance or speedup on, say, my 64 core machines?
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Why are they important?

e Now you understood what the critical path is

e But why is it a good tool to understand speedup?

? P
1
19
%5 =7
o QUESTION: Specifically, what does it tell us about
performance or speedup on, say, my 64 core machines?

o ANSWER: A beautiful theorem (greedy scheduler theorem)
gives us an answer
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The greedy scheduler theorem

o Assume:
e you have P processors
e they are greedy, in the sense that a processor is always busy
on a task whenever there is any runnable task in the entire
System
e an execution time of a node does not depend on which
processor executed it
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The greedy scheduler theorem

o Assume:
e you have P processors
e they are greedy, in the sense that a processor is always busy
on a task whenever there is any runnable task in the entire
System
e an execution time of a node does not depend on which
processor executed it
e Theorem: given a computational DAG of:
e work 77 and
e critical path T,
the execution time with P processors, Tp, satisfies

Ty — T
Tpng_'_TOO

@ in practice you remember a simpler form:

T
Tp < & + T
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The greedy scheduler theorem

@ it is now a common sense in parallel computing, but the root

of the idea seems:
Richard Brent. The Parallel Evaluation of General Arith-

metic Expressions. Journal of the ACM 21(2). pp201-206.
1974
Derek Eager, John Zahorjan, and Edward Lazowska.

Speedup versus efficiency in parallel systems. IEEE Trans-
actions on Computers 38(3). pp408-423. 1989

e People attribute it to Brent and call it Brent’s theorem

e Proof is a good exercise for you
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I'll repeat! Remember it!

31/84



A few facts to remember about T} and T,

Consider the execution time with P processors (Tp)
e there are two obvious lower bounds
o ITp > %}
o Ip > Ty
or more simply,

T
Tp > maX(Fl, Ty)

e what a greedy scheduler achieves is
T,
Tp < sum(Fl,Too)

e two memorable facts

o “the sum of two lower bounds is an upper bound”
e any greedy scheduler is within a factor of two of the optimal
scheduler (FF8#E AR D7?)
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A few facts to remember about T} and T,

e to get good (nearly perfect) speedup, we wish to have

— > jlo
P
or equivalently,
T
—>P
T
@ we can con51der to be the average parallelism (the

speedup we Would get with infinitely many processors)

e we like to make the average parallelism large enough
compared to the actual number of processors
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Another way to remember the theorem

@ assume a simpler caase in which the entire computation
(which amounts to T7) consists of two parts,
@ one completely serial (which amounts to Tx,), and
@ the other completely parallelizable (which amounts to
(Tl - TOO))
T

—+tnot parallelizable at all

perfectly parallelizable
Too

e trivially, any greedy scheduler achieves
Tl - Too
Tp < —p + T
e many people remember this as Amdahl’s law

e the greedy scheduler theorem states that the same inequality
holds more generally, for any computational DAG 34/ 84



Takeaway message

Suffer from low parallelism? = try to
shorten its critical path

in contrast, people are tempted to get more speedup by creating
more and more tasks; they are useless unless doing so shortens
the critical path

/ M -

create more tasks (and Too may be the same)

ny program suffers



What makes T, so useful?

T is:
e a single global metric (just as the work is)
o not something that fluctuates over time (cf. the number of
tasks)
e inherent to the algorithm, independent from the scheduler

e not something that depends on schedulers (cf. the number of
tasks)

e connected to execution time with P processors in a beautiful
way (Tp < T\ /P+Ty)

e easy to estimate/calculate (like the ordinary time complexity
of serial programs)
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Calculating work and critical path

© 0 QX G AN W e =~

e for recursive procedures, using recurrent equations is often a

good strategy
e e.g., if we have

f() {
if (n == 1) { trivial(n); /* assume O(1) %/ }
else {
g(n);
create_task f(n/3); f(n) =

g(n)

/

£(2*n/3);
wait();
}

f(n/3)

}

f(2n/3)

\J

then
o (work) Wi(n) < Wg(n) + We(n/3) + We(2n/3)

o (critical path) Cg(n) < Cg(n) + max{C¢(n/3),C¢(2n/3)}

e we apply this for programs we have seen
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Work of k-d tree construction

1 | build(P, R, depth) {

2 if (IP| == 0) {

3 return 0; /* empty */

4 } else if (|P| <= threshold) {

5 return make_leaf(P, R, depth);

6 } else {

7 s = find_median(P, depth % D);

8 RO,R1 = split_rect(R, depth % D, s.pos[depth % D]);
9 PO,P1 = partition(P - { p }, depth % D, s.pos[depth % D]);
10 n0 = create_task build(PO, RO, depth + 1);

11 nl = build(P1, R1, depth + 1);

12 wait();

13 return make_node(p, nO, nl, depth);

14 Fr

recall that partition takes time proportional to n (the

number of points). thus,
Whuita (1) & 2Whuia(n/2) + O(n)
omitting math,
. Whaa(n) € ©(nlogn)
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Remark

e the argument above is crude, as n points are not always split
into two sets of equal sizes

e yet, the O(nlogn) result is valid, as long as a split is
guaranteed to be “never too unbalanced” (i.e., there is a
constant « <, s.t. each child gets < an points)
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Critical path

S

o

10
11
12
13
14

build(P, R, depth) {

if (IP| == 0) {
return 0; /* empty */

} else if (|P| <= threshold) {
return make_leaf (P, R, depth);

} else {
s = find_median(P, depth % D);
RO,R1 = split_rect(R, depth % D, s.pos[depth % DI);
PO,P1 = partition(P - { p }, depth % D, s.pos[depth % D]);
n0 = create_task build(PO, RO, depth + 1);
nl = build(P1, R1, depth + 1);
wait();
return make_node(p, nO, nl, depth);

+}

Chuita(n) = Cpuia(n/2) + O(n)

omitting math,

. Chuiia(n) € ©(n)
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Speedup of k-d tree construction

e Now we have:
Whaia(n) € ©(nlogn),
C’buﬂd(n) < @(TL)

T
i € O(logn)

e not satisfactory in practice
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What the analysis tells us

e the expected speedup, O(logn), is not satisfactory
e to improve, shorten its critical path ©(n), to o(n)

e where you should improve? the reason for the ©(n) critical
path is partition; we should parallelize partition

pivot
P 0000000 .z 0000000000000000000000000000000 (1)
* partition
Fo p Py
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Merge sort

e Input:
e A: an array
e Output:
e B: a sorted array

e Note: the result could be returned either in place or in a
separate array. Assume it is “in place” in the following.
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Merge sort : serial code

© o~

[ NV

© 0 N>

10
11
12
13
14
15
16
17
18
19
20
21
22
23

/* sort a..a_end and put the result into

(i) a (if dest =0)

(i) t (if dest = 1) =/

void ms(elem * a, elem * a_end,
elem * t, int dest) {

long n = a_end - a;

if (n == 1) {
if (dest) t[0] = a[0];

} else {
/* split the array into two */
long nh = n / 2;
elem * ¢ = a + nh;
/* sort 1st half x/
ms(a, c, t, 1 - dest);
/* sort 2nd half x/
ms(c, a_end, t + nh, 1 - dest);
elem * s = (dest ? a : t);
elem * d = (dest 7 t : a);
/* merge them x/
merge(s, s + nh,

s + nh, s + n, d);

R G W~

W =S ©

(ST )

/+* merge a_beg ... a_end
and b_beg ... b_end
into ¢ x/
void
merge(elem * a, elem * a_end,
elem * b, elem * b_end,
elem * c) {
elem * p =a, * q =b, *r = c;
while (p < a_end &% q < b_end) {
if (#p < *q) { *r++ = *p++; }
else { *r++ = xq++; }
}
while (p < a_end) *r++ = *p++;
while (q < b_end) *r++ = xq++;
}

note: as always, actually
switch to serial sort below a
threshold (not shown in the

code above)
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Merge sort : parallelization

void ms(elem * a, elem * a_end,
elem * t, int dest) {
long n = a_end - a;
if (n == 1) {
if (dest) t[0] = a[0];
} else {
/* split the array into two */
long nh = n / 2;
elem * ¢ = a + nh;
/* sort 1st half */
create_task ms(a, c, t, 1 - dest);
/* sort 2nd half */
ms(c, a_end, t + nh, 1 - dest);
wait();
elem * s = (dest ? a : t);
elem * d = (dest 7 t : a);
/* merge them x/
merge (s, s + nh,
s + nh, s + n, d);

e Will we get “good
enough” speedup?
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Work of merge sort

void ms(elem * a, elem * a_end,
elem * t, int dest) {
long n = a_end - a;
if (n == 1) {
if (dest) t[0] = a[0];
} else {
/* split the array into two */
long nh = n / 2;
e W) = 2Wo(1/2) + W),
create_task ms(a, ¢, t, 1 - dest); Wmerge(n) S @(n>
/* sort 2nd half */
ms(c, a_end, t + nh, 1 - dest);
wait(); .
elem * s = (dest ? a : t); T Wms(n) < @(nlogn)
elem * d = (dest 7 t : a);
/* merge them x/
merge (s, s + nh,
s + nh, s + n, d);
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Critical path of merge sort

void ms(elem * a, elem * a_end,
elem * t, int dest) {
long n = a_end - a;
if (n == 1) {
if (dest) t[0] = a[0];
} else {
/* split the array into two */
long nh = n / 2;
elem * ¢ = a + nh;

/* sort 1st half */

create_task ms(a, c, t, 1 - dest);

/* sort 2nd half */
ms(c, a_end, t + nh, 1 - dest);
wait();
elem * s = (dest ? a : t);
elem * d = (dest 7 t : a);
/* merge them x/
merge (s, s + nh,
s + nh, s + n, d);

Cms( )

merge (

neo

O(n

. Cs(n) € O(n)

Crns(12/2) 4 Crnerge (),
€ O(n)
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Speedup of merge sort

Ty = Wis(n) € O(nlogn),
Tw = Cus(n) € O(n).

the average parallelism

T1/Tw € ©(logn).
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How (serial) merge works

already merged

/+* merge a_beg ... a_end
and b_beg ... b_end
into ¢ x/
void r
merge(elem * a, elem * a_end,
elem * b, elem * b_end,
elem * c) {
elem * p =a, * q =b, *xr =c;
while (p < a_end && q < b_end) {
if (#p < *q) { *r++ = *p++; }
else { *r++ = xq++; }
}
while (p < a_end) *r++ = *p++;
while (q < b_end) *r++ = *q++;
}
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How (serial) merge works

already merged

/* merge a_beg ... a_end
and b_beg ... b_end
into ¢ */

void

merge(elem * a, elem * a_end,
elem * b, elem * b_end,
elem * c) {
elem * p =a, * q=Db, *xr =c;
while (p < a_end &% q < b_end) {
if (*p < *q) { *r++ = *p++; }
else { *r++ = xq++; }
}
while (p < a_end) *r++ = *p++;
while (q < b_end) *r++ = xq++;
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How (serial) merge works

already merged

/* merge a_beg ... a_end
and b_beg ... b_end
into ¢ */
void
merge(elem * a, elem * a_end,
elem * b, elem * b_end,
elem * c) {
elem * p =a, * q=Db, *xr =c;
while (p < a_end &% q < b_end) {
if (*p < *q) { *r++ = *p++; }
else { *r++ = xq++; }
}
while (p < a_end) *r++ = *p++;
while (q < b_end) *r++ = xq++;

Y =N N

p
L]

Td
)

T

52 /84



How to parallelize merge?

e again, divide and conquer thinking helps

@ left as an exercise
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@ Introduction

© An example : k-d tree construction
@ k-d tree

@ Parallelizing divide and conquer algorithms

@ Rcasoning about speedup
e Work and critical path length
@ Greedy scheduler theorem
e Calculating work and critical path

© More divide and conquer examples
@ Merge sort
@ Cholesky factorization
e Triangular solve
e Matrix multiply
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Our running example : Cholesky factorization

o Input:
e A: n X n positive semidefinite symmetric matrix
e Output:

o L: n x n lower triangular matrix s.t.
A=L"'L
o ('L is a transpose of L)

n

'L
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Note : why Cholesky factorization is important?

o [t is the core step when solving
Az =b (single righthand side)
or, in more general,
AX = B (multiple righthand sides),

as follows.
© Cholesky decompose A = L 'L and get

L 'LX = B
N~
Y

@ Find X by solving triangular systems twice
@ LY =8B
Q@ LX=Y
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Formulate using subproblems

( A TAyn ) _ ( Ly O ) ( ‘L 'Ly )
Agy Ag Loy Lo O 'Ly
leads to three subproblems

Q@ Ay =1Ly 'Ly

Q 'Ayy =Ly 'Ly

Q Ay = Loy "Ly + Lo "Ly
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Solving with recursions

( All tAQl ) _ Lll O tLll tL21
A21 A22 L21 L22 O tL22

Q@ Ay =Ly 'Ly

/% Cholesky factorization x/
chol(A) {
if (n =1) return (\/a11);
else {
Ly1 = chol(A11);
/* triangular solve */
tLo1 = trsm(L11, ' A21);
Lo = chol(Aaz — Lo1tLo1);

7.t t ¢
Q Ay = Lo Lot + Lag "L 9|  return ( é“ LL21
21 22

Q Ay =Ly 'Ly

SRS RS N N T SO

10

11 |}
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Solving with recursions

( All tAQl ) _ Lll O tLll tL21
A21 A22 L21 L22 O tL22

Q@ Ay =Ly 'Ly

/% Cholesky factorization x/

. hol (A
e recursion and get L1 Cl?f((n) i 1) return (,/a1D);
Q 'Ayy = Ly 'Ly else {

Ly1 = chol(A11);

/* triangular solve */
tL21 = trSHl(Ln,tAgl);
Lo = chol(Aaz — Lo1tLo1);

7.t t ¢
Q Ay = Lo Lot + Lag "L 9|  return ( é“ LL21
21 22

SRS RS N N T SO

10

11 |}
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Solving with recursions

( All tAQl ) _ Lll O tLll tL21
A21 A22 L21 L22 O tL22

Q@ Ay =Ly 'Ly

/% Cholesky factorization x/
. chol(A) {
e recursion and get L1 if (n = 1) return (\/aiD);
Q 'Ayy = Ly 'Ly else {

Ly1 = chol(A11);

/* triangular solve */
tL21 = trSHl(Ln,tAgl);
Lo = chol(Aaz — Lo1tLo1);

_ 7t t ¢
Q Aoy = Lo Loy + Lag "Lag o| return | f11 Tlm
La1 Lo
10 }

11 |}

e solve a triangular system
and get ‘Lo

SRS RS N N T SO
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Solving with recursions

( All tA21 ) _ ( Lll O ) ( tLll tL21 )
A21 A22 L21 L22 O tL22

Q@ Ay =Ly 'Ly

/% Cholesky factorization x/

. hol (A
e recursion and get L1 Cl?f((n) i 1) return (,/a1D);
Q 'Ayy = Ly 'Ly else {

Ly1 = chol(A11);

/* triangular solve */
tLo1 = trsm(L11, ' A21);
Lo = chol(Aaz — Lo1tLo1);
L1 Loy

La1  La2

e solve a triangular system
and get ‘Lo
Q Agy = Loy"Loyy + Lo "Ly
e recursion on 10
(Agy — Loy'Loy) and get L3 |}

SRS RS N N T SO

©

| return
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Remark 1 : “In-place update” version

o Instead of returning the answer as another matrix, it is often

possible to update the input matrix with the answer

e When possible, it is desirable, as it avoids extra copies

/* functional */

chol(A) {
if (n{: 1) return (y/a11);
else

Lqi1 = chol(A11);

/#* triangular solve */
tLgl = trSm(L117tA21);
Loy = chol(Asz — L21"Lay);

return Lin *La
Loy La2

® XD LA W e

/* in place x/

chol(A) {
if (n =1) a1 :=/ai1;
else {
chol(A11);

/* triangular solve x*/
trsm(Aq1, A12);

Aoy =1Aq;
Azz -= A21A12
chol(A22);

59 /84




In-place Cholesky at work

/* in place */

chol(A) {
if (n =1) a11 :=+/a11;
else {
chol(A11);

/* triangular solve */
trsm(All,Alg);

Az =tAqg;
Azx -= A21A12
Chol(AQQ);
}
}

tAx

A21

A22
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In-place Cholesky at work

/* in place +/ recursion
chol(A) { .
if (n =1) a11 :=+/a11; L A21
else { 1
chol(A11);
/* triangular solve */ A21 A22

trsm(A11 s Alg);

Az =tAqg;
Azx -= A21A12
Chol(AQQ);

}
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In-place Cholesky at work

/* in place */ recursioinngular solve
chol(A) { .
if (n =1) a11 :=+/a11; L L21
else { 1
chol(A11);
/* triangular solve x/ A21 A22

trsm(A11 s Alg);

Az =tAqg;
Azx -= A21A12
Chol(Agg);

}
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In-place Cholesky at work

/* in place */
chol(A) {
if (n =1) a11 :=+/a11;
else {
chol(A11);
/* triangular solve */
trsm(A11, A12);

Agp =tAqa;
Agay -= Az1A12
chol(Aa2);

}

recursion triangular solve
t
Loy
Ly
Loy Agy
transpose
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In-place Cholesky at work

in place * . .
éfozl? Ap) a{c / recursion _triangular solve
if (n =1) an1 = y/a;
else { .
chol(A11); L21

/* triangular solve */ Lll
trsm(A11,A12);
Az1 ="A12; . .
Az -= A21A12 matrix H]ﬂlltlply

chol(Aa2); L21 A22 - LQltL21

transpose
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In-place Cholesky at work

/}’I ’i?(IAI’)la{Ce */ recurstoinngular solve
cho

if (n =1) a1 :=+/a11; L tL21

else { 1
chol(A11);
/* triangular solve */ L21
trsm(A11, A12); Tanspuse rsion
Ay =t Aqa;
Az -= Az1A12
Chol(Agg);
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Remark 2 : where to decompose

o Where to partition A is arbitrary
@ The case n; =1 and no = n — 1 = loops

ni

n2
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Recursion to loops

e The “loop-like” version (partition into 1+ (n — 1)) can be

written in a true loop

© % XD ;A

/* loop wversion */
chol loop(A) {
for (k=1; k<mn; k ++ ) {
Ak 2= \/Ckk;
Apk+1m /= Gkl
Aptiimk /= agk;
Ak+l:n,k+1:7b -= Ak:n,k:Ak,k‘:n

In practice, you still need to code the loop to avoid creating too

small tasks
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@ Introduction

© An example : k-d tree construction
@ k-d tree

@ Parallelizing divide and conquer algorithms

@ Rcasoning about speedup
e Work and critical path length
@ Greedy scheduler theorem
e Calculating work and critical path

© More divide and conquer examples
@ Merge sort
@ Cholesky factorization
e Triangular solve
e Matrix multiply
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A subproblem 1: triangular solve

o Input:
o L: M x M lower triangle matrix
e B: M x N matrix

e Output:
e X: M x N matrix X s.t.

LX =18
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Formulate using subproblems

Two ways to decompose:
@ (split X and B vertically)

L O X1\ [ B: N
Loy Loy Xy )\ B

] L11X1 = Bl, and
o L1 Xy + Ly Xy = By

@ (split X and B horizontally)
L(Xl XQ):(Bl BQ)=>
o LXl = Bl, and
o LXy =By

Choice is arbitrary, but for reasons we describe later, we

decompose X and B so that their shapes are more square
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Solving with recursions

(k) (%)= ()
Loy Lo X B By

o L1 X1 =8B
recursion on (L11, By) and get X 10

o L[91X1 + Los X9 = By recursion onlf
(LQQ, BQ — L21X1) and get XQ ;;

1y

EE RS N NG S

L(Xy X,)=(B By)=

solve them independently (easy)

/* triangular solve LX = B.

replace B with X x/
trsm(L, B) {
if (M=1) {
B /= l11;
} else if (M > N) {
trsm(L11, B1);
By -= L21By;
trsm(Lag, B2);
} else {
trsm(L, B1);
trsm(L, B2);
}
}
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Triangular solve at work

/* triangular solve LX = B.

replace B with X */
trsm(L, B) {
if (M=1) {
B /= l11;
} else if (M > N) {
trsm(L11, B1);
By -= L21By;
trsm(Lag, B2);
} else {
trsm(L, B1);
trsm(L, Ba);
}
}

L) By
Loy By
N
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Triangular solve at work

/* triangular solve LX = B. .
replace B with X */ recursion
trsm(L, B) { L Bl
i yia M
= l11;
} else if (M > N) { Loy By
trsm(L11, B1);
By -= L21By; M N
trsm(Lag, B2);
} else {
trsm(L, Bi);
trsm(L, Ba);
}
}
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Triangular solve at work

/* triangular solve LX = B.

replace B with X */
trsm(L, B) {
if (M=1) {
B /= l11;
} else if (M > N) {
trsm(L11, B1);
By -= L21By;
trsm(Lag, B2);
} else {
trsm(L, B1);
trsm(L, Ba);
}
}

recursion
L) By
Loy Eﬂ J%y
N
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Triangular solve at work

/* triangular solve LX = B. .
replace B with X */ recursion
trsm(L, B) { L Bl

if (M=1) { i il
5 - Dy | ESy
else if (M > N .

; trsm(Lu(, B1); )1 re?:ursmn
By -= L2 Bu; M N
trSIIl(LQQ7 BQ);

} else {
trsm(L, Bi);
trsm(L, Ba);

}

}
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Recursions and loops

Again, partitioning is arbitrary and there is a loop-like
partitioning

/* loop */
trsm(L, B) {
for (k=1; k< M; k ++ ) {
Bi v /= lgk;
Bry1:m,1:m == Lgt1:0m,6Br,1:05
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Recursions and loops

Again, partitioning is arbitrary and there is a loop-like
partitioning

/* loop */
trsm(L, B) {
for (k=1; k< M; k ++ ) { <

Bi v /= lgk;
Bry1:m,1:m == Lgt1:0m,6Br,1:05
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@ Introduction

© An example : k-d tree construction
@ k-d tree

@ Parallelizing divide and conquer algorithms

@ Rcasoning about speedup
e Work and critical path length
@ Greedy scheduler theorem
e Calculating work and critical path

© More divide and conquer examples
@ Merge sort
@ Cholesky factorization
e Triangular solve
e Matrix multiply
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A subproblem 2: matrix multiply

o Input :
o C: M x N matrix
o A: M x K matrix
o B: K x N matrix
e Output :
C += AB

K
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Formulate using subproblems

Three ways to decompose

o divide M : c p
1 _ 1
(&)~ (a)e

— (] += AlB // Cy += AQB

o divide N :
(Cl 02) +=A(Bl Bz)

— Ol += ABl // CQ += ABQ

o divide K :
By
C += A A
+ ( 1 2)(32)

— O += AlBl ; C += AyB,
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Which decomposition should we use?

e For reasons described later, divide the largest one among M,
N, and K

o Make the shape of subproblems as square as possible
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Solving using recursions

© 0 N DY AN W e~

~
~

12
13
14
15
16
17
18
19
20

}

if (M,N,K)=(1,1,1)) {
c11 += a1 * b1y;

} else if (M >N and M > K) {

A1, As = Split,h(A);
C1,Co = split_h(C);
gemm(Aq, B,C1);
gemm(As, B, C>);
else if (N> M and N > K)
By, By = split_v(B);
C1,Co = split_v(C);
gemm(A, B1,C1);
gemm(A, By, C2);
} else {
A, Az = split_v(A);
Bi, B2 = split_h(B);
gemm(A1, By, C);
gemm(A27 BQ: C))
}

-
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Where is parallelism in our example?

Cholesky

1| /* in place */

2 | chol(A) {

3 if (n:l) all ::\/ﬁ;
4 else {

5 ChOl(All);

6 /* triangular solve */
7 trsm(Aq11, A12);

8 Az =tAqg;

9 Ao -= A21A12

10 ChOl(AQz);

11 }

12 |}

e data dependency prohibits
any of function calls in line
5-10 to be executed in
parallel
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Where is parallelism in our example?

Triangular solve

1 | /* triangular solve LX = B.
2 replace B with X x/
s | trsm(L, B) {

s i (M =1) |

5 B /= l11;

6 } else if (M > N) {
7 trsm(L11, B1);

8 By -= L21Bq;

9 trsm(Lag, B2);

10 } else {

11 trsm(L, Bi);

12 trsm(L, B2);

13 }

14 |}

e function calls in line 7-9
cannot be run in parallel

e two calls to trsm at line 11
and a2 can be run in parallel
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Where is parallelism in our example?

Matrix multiply

gemm(A, B,C) {

if (M,N,K)=(1,1,1)) {
c11 += ai1 * biy;

} else if (M >N and M > K) {
A1, Ax = split_h(A);
C1,Co = split-h(C);
gemm(A1, B,Ch);
gemm(As, B, C5);

} else if (N> M and N > K)
B1, B2 = split_v(B);
C1,Co = split_v(C);
gemm(A, B1,C1);
gemm(A, By, C2)

} else {
A1, Az = split_v(A);
Bj, B2 = split_h(B);
gemm(Aq, B1,C);
gemm(Az, Bz, C);

}

)

}

e when dividing M and N,
two recursive calls can be
parallel

e when dividing K, they
should be serial

@ (alternatively, we can execute
them in parallel using two

different regions for C and
then add them)
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That’s basically it!

1 | gemm(A, B,C) {
o | (M, N K) = (1,1,1)) {
3 c11 += a11 *biy;
4 }else if (M >N and M > K) {
5 A1, Ay = Split,h(A);
6 C1,Cy = split_h(C);
7 | #pragma omp task
8 gemm(Aq1, B,C1);
9 | #pragma omp task
10 gemm(Aa, B, C2);
11 | #pragma omp taskwait
12 } else if (N> M and N > K)
13 B1, B2 = split_v(B);
14 C1,Cy = Split,v(c);
15 | #pragma omp task
16 gemm(A, B1,C1);
17 | #pragma omp task
18 gemm(A, B1,C2);
19 | #pragma omp taskwait
20 } else {
21 // same as before
22 ..

. 1

NGV SR

S JRCIE N

10
11
12
13
14
15
16
17

/* triangular solve LX = B.

replace B with X */
trsm(L, B) {
if (M=1) {
B /= l11;
} else if (M > N) {
trsm(Lll,Bl);
B -= L21Bi;
trsm(La2, B2);
} else {
#pragma omp task
trsm(L, B1);
#pragma omp task
trsm(L, Ba);
#pragma omp taskwait

}
}
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T and Ty, of matrix multiply

if ((M,N,K)=(1,1,1)) {
c11 += a1 * biy;
} else if (M >N and M > K) {

#pragma omp task
gemm(Aq, B,Ch);
#pragma omp task
gemm(As, B, C2);
#pragma omp taskwait
} else if (N> M and N > K)

#pragma omp task
gemm(A, B1,C1);
#pragma omp task
gemm(A, B1,C2);
#pragma omp taskwait
} else {

gemm(Al , B1, C)7
gemm(Asz, Bz, C);
}

1

Work (T}), written by
Wgemm<M7 N7 K) =

O(1)
(M,N,K) = (1,1,1))
2Wgemm(M/27 N, K) + 9(1)
(M is largest)
2Wgemm(Mv N/2a K) + @(1)
(N is largest)
2Wgemm(M7 Nv K/2) + 6(1)
(K is largest)

= O(MNK)
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T and Ty, of matrix multiply

if ((M,N,K)=(1,1,1)) {
c11 += a1 * biy;
} else if (M >N and M > K) {

#pragma omp task
gemm(Aq, B,Ch);
#pragma omp task
gemm(As, B, C2);
#pragma omp taskwait
} else if (N> M and N > K)

#pragma omp task
gemm(A, B1,C1);
#pragma omp task
gemm(A, B1,C2);
#pragma omp taskwait
} else {

gemm(Al , B1, C)7
gemm(Asz, Bz, C);
}

1

Critical path (T, ), written by
Cgemm(M7 N7 K) =

(1)
(<M7 N, K) = (17 L, 1))7
Coemm (M /2, N, K) + O(1)
(M is largest)
Cgemm(M, N/2, K) 4+ O(1)
(N is largest)
20 e (M, N, K/2) + O(1)
(N is largest)

\

= O(log M +log N + K) (we
consider it as ©(K) for brevity)
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T and T, of triangular solve

/* triangular solve LX = B.

replace B with X */

trsm(L, B) {
if (M =1) {
B /= l11;

} else if (M > N) {
trsm(Lq1, B1);
By -= L21By;
trsm(Laa, BQ);
} else {
#pragma omp task
trsm(L, B1);
#pragma omp task
trsm(L, Ba);
#pragma omp taskwait
}
}

Work (77), written by
Wtrsm(M7 N) =

o(1)
((Mv N) = (1’ L, 1))
2Wirsm (M /2, N)
+Weemm (M /2, N, M/2)
(M > N)
2Wism (M, N/2) + O(1)
\ (N> M)

= O(M?N)
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T and T, of triangular solve

/* triangular solve LX = B.

replace B with X */

trsm(L, B) {
if (M =1) {
B /= l11;

} else if (M > N) {
trsm(Lq1, B1);
By -= L21By;
trsm(Laa, BQ);
} else {
#pragma omp task
trsm(L, B1);
#pragma omp task
trsm(L, Ba);
#pragma omp taskwait
}
}

Critical path (T,), written by
Ctrsm<M7 N) =

e(1)
((M’ N) = (17 1))7
2Ctrsm(M/2a N)
+Cemm(M/2, N, M /2)
(M > N)
Cirsm(M, N/2) + ©(1)
(N> M)

= O(Mlog N)
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T and T, of Cholesky

chol(A) { WOI'k (Tl), Written by Wchol(n) =
if (n =1) a11 :=+/a11;
S o =1,
;*Otria:zlgijlar solve */ 2WCh01<n/2)
trsm(A11, A12); +Wirsm(n/2,n/2)
A2 =YAq9;
Az; -= 1412211412 +Wtrans(n/2, n/2)
chol (Asz); +Weemm(n/2,1n/2,n/2)
}
! = O(n?)
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T and T, of Cholesky

chol(A) {
if (n =1) a1 :=+/a11;
else {
chol(A11);

/* triangular solve x*/
trsm(Au,Alg);

Aoy =tAqa;
Aga -= A21A12
chol(A22);
}
}

Critical path (T.), written by
C’chol(n) =

o(1) (n=1)
2Cho1(n/2)
+Crsm(n/2,mn/2)
+Ctrans (n/2, n/2)
+Cgemm(n/2,1/2,1n/2)

= O(nlogn)
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Summary

For n X n matrix,
(] Tl € C"‘)(n3)
Ty € ©(nlogn)

the average parallelism:

n2

T /Ty =
1/ logn

this should be ample for sufficiently large n

a constant thresholding does not affect the asymptotic result;

e you can switch to a serial loop for matrices smaller than a
constant

in practice, this threshold affects 77 and T

o 11 will decrease (good thing)
o T, will increase due to a larger serial computation at leaves
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